Abstract. The equivariant Euler characteristics of the building for the general unitary group over a finite field are determined.
Introduction
For a prime power q, GL − n (F q ), the isometry group of the unitary n-geometry over the field F q 2 , acts on the poset L − n (F q ) * = {0 U F n q 2 | U ⊆ U ⊥ } of nontrivial totally isotropic subspaces.
Definition 1.1. [2]
The rth equivariant reduced Euler characteristic of the GL
of the Euler characteristics of the induced subposets C L − n (Fq) * (X(Z r )) of X(Z r )-invariant subspaces as X ranges over all homomorphisms of the free abelian group Z r on r generators into the general unitary group.
The generating function for the negative of the rth equivariant reduced Euler characteristic is the power series (1 − qx) 2 , (1 + q 3 x)(1 + qx)
(1 − q 3 x) 4 (1 − qx) 4 for r + 1 = 1, 2, 3, 4. In particular, − χ 2 (GL − n (F q )) = q + 1 and − χ 3 (GL − n (F q )) = nq n−1 (q + 1) 2 for n ≥ 1. We now recall from [18] the situation for the general linear group and state in (1.6)-(1.8) three alternative formulas for χ r (GL − n (F q )). The general linear group, GL + n (F q ), of all linear automorphisms of the n-dimensional vector space over F q acts on the poset L 2. The general unitary group GL − n (F q ) Let q be a prime power, n ≥ 1 a natural number, and V n (F q 2 ) = F n q 2 the vector space of dimension n over the field F q 2 with q 2 elements. The nondegenerate sesquilinear form
is the group of all linear automorphisms of V n (F q 2 ) preserving the Hermitian bilinear form (2.1). Let ϕ q (g) denote the matrix obtained from g ∈ GL + n (F q 2 ) by raising all entries to the power q. Then g lies in GL − n (F q ) if and only if gA(ϕ q (g)) t = A where A is the matrix whose only nonzero entries are a string of alternating +1's and −1's running diagonally from upper right to lower left corner. The order of GL
and there is a short exact sequence
where C q+1 is the order q +1 subgroup of the cyclic unit group F × q 2 . The special unitary group SL − n (F q ) is generated by root group elements x α (t) or x α (t, u) of type I, II, and (for odd n) IV [8, Table 2 .4] and the general unitary group GL − n (F q ) by root groups together with the diagonal matrices diag(z, 1, . . . , 1, z −q ) for z ∈ F × q 2 . A subspace of V n (F q 2 ) is totally isotropic if the Hermitian sesquilinear form (2.1) vanishes completely on it. Let L − n (F q ) be the poset of totally isotropic subspaces in V n (F q 2 ) and L − n (F q ) * the subposet of nontrivial totally isotropic subspaces. The standard action of GL + n (F q 2 ) on subspaces of V n (F q 2 ) restricts to an action of GL Lemma 3.1. Let a 1 , . . . , a n be n elements of the field F q m 2 . Then ∀i ∈ {0, 1, . . . , n} : σ i (a 1 , . . . , a n ) ∈ F q m 1 ⇐⇒ ∀i ∈ {0, 1, . . . , n} :
Proof. The nth elementary symmetric function is σ n (a 1 , . . . , a n ) = a 1 · · · a n . Observe that ∀i ∈ {0, 1, . . . , n} : σ i (a −1 1 , . . . , a −1 n )σ n (a 1 , . . . , a n ) = σ n−i (a 1 , . . . , a n ) If all values of σ i (a 1 , . . . , a n ) are in the subfield F q m 1 , also all values of σ i (a
be a polynomial of degree m ≥ 1 with nonzero constant term (so that a 0 = 0 and a m = 0). The dual polynomial to
We note that
• dualization is involutory: p = p • dualization respects products:
• a polynomial (with nonzero constant term) is irreducible if and only its dual polynomial is irreducible
is the canonical factorization of the polynomial p [11, Theorem 1.59] then p = a 0 r ei i is the canonical factorization of the dual polynomial Although the dual of a polynomial over F q 2 is defined in terms of elements of an extension of F q 2 , it is actually again a polynomial over F q 2 as explained by Lemma 3.1. 
We may write the dual polynomial on the form
and thus
) which is the criterion we wanted to show.
If g is a unitary automorphism of a vector space over F q 2 and p(x) the polynomial of Definition 3.2 then
for all vectors x, y. Figure 1 . The polynomials A(n)(q), A(n)(q 2 ) and A ± (n)(q) 
Definition 3.7 (See Figure 1). For every integer
is the number of irreducible monic polynomials of degree d over F q with nonzero constant term
is the number of self-dual irreducible monic polynomials of degree d over F q 2 with nonzero constant term
is the number of pairs of non-self-dual irreducible monic polynomials of degree d over F q 2 with nonzero constant term
The next proposition shows among other things that self-dual polynomials have odd degrees, ie that
where λ ∈ F q 2m , λ q m +1 = 1, and all the elements λ, λ
Proof. Let p(x) be a monic irreducible polynomial p(x) of degree m over F q 2 . The field F q 2m contains an element λ such that
and all the elements λ, λ In the first case, 1 = λλ
In both cases, we have that λ, λ
Since this contradicts irreducibility of p(x) over F q 2 , monic irreducible self-dual polynomials of degree 2 do not exist.
Assume next that m > 2. Since λ
it follows that m divides 2k − 1 and is odd. Furthermore, k equals 1 or
Proof. Recall that if r is an factor of a self-dual monic polynomial p with p(0) = 0 then also r is an irreducible factor of p. Thus any irreducible factor of the self-dual polynomial p is itself self-dual or r and r are distinct irreducible factors of p. The sum
and the square of the sum of equals
We have now showed that
which is the assertion of the corollary.
Lemma 3.11. Let (a n ) n≥1 , (b n ) n≥1 , and (c n ) n≥1 be integer sequences such that
where it is understood that c 0 = 1.
Proof. The first identity follows by equating coefficients in the identity n≥1 a n x n = 2 n≥1 nb n k≥0 x (2k+1)n obtained by applying the operator x d dx log to the given identity exp( n≥1 a n
nc n x n obtained by applying the operator x d dx to the given identity exp n≥1 a n
Proof. We determine b n = A − (n)(q) using Corollary 3.10 and Lemma 3.11. The right hand side,
(1−x)(1−qx) , of the equation from Corollary 3.10 expands to 1 + n≥1 c n x n where c n = 2q n + 4q n−1 + · · · + 4q + 2. The associated polynomial sequence (a k ) k≥1 , determined by the recursion nc n = 1≤k≤n a k c n−k , is
To see this, write c n as c n = 4(q n + · · · + q + 1) − (2q n + 2) for n ≥ 1. For odd n ≥ 1,
From the first equation of Lemma 3.11 we get
by number theoretic Möbius inversion [11, Chp 2, §2, Theorem 2].
Corollary 3.13. The arithmetic functions A(n)(q) and A ± (n)(q) of Definition 3.7 satisfy the relations
Proof. For n = 1, the A − (1)(q) = q + 1 self-dual irreducible monic polynomials are the polynomials x − λ with λ ∈ F q 2 such that λ q+1 = 1. For odd n > 1, Proposition 3.12 shows that 
where we use that µ(2k) = −µ(k) for odd k ≥ 1. When n > 0 is even
where 
Proof. This is proved in [29, §4] once we recall Quillen's identification [19] 
where the contribution from the q-regular class g with characteristic polynomial r
The direct summands, ker r i (g) and ker(s j (g)) ⊕ ker(s j (g)), in this decomposition of V are pairwise orthogonal. For example, let r i1 and r i2 be two distinct self-dual irreducible factors of the characteristic polynomial. For v 1 ∈ ker(r i1 (g)) and v 2 ∈ ker(r i2 (g)), the inner products r i2 (g) defines an automorphism of ker(r i1 (g)), this shows that ker(r i1 (g)) ⊥ ker(r i2 (g)). Similarly, ker(s i (g)) ⊥ (ker(r j (g)) ⊕ ker(r j (g))) and ker(r j1 (g)) ⊥ (ker(r j2 (g)) ⊕ ker(r j2 (g))) for distinct factors r j1 and r j2 . Thus all summands ker r i (g) and ker(s j (g)) ⊕ ker(s j (g)) are nondegenerate unitary geometries.
The centralizer of g in the general unitary group of V is the group [28] 
-automorphisms and the centralizer of g in the poset of totally isotropic subspaces of V is the poset
is standard. We now turn to the representation of GL . Write V 2m (F q 2 ) = V 1 ⊕ V 2 as the direct sum of the two maximal totally isotropic subspaces V 1 and V 2 spanned by e 1 , . . . , e m , and f 1 , . . . , f m , respectively. The representation of GL 
.) The stabilizer of g in the poset of totally isotropic subspaces of V 2m (F q 2 ) is the GL
* : Let {1, 2} be the discrete poset of two incomparable points. The two GL
are homotopy equivalences as gf is the identity of the suspension of L + m (F q 2 ) * and f g is homotopic to the identity of Σ L
. By the product formula in Lemma 4.4,
) and the formula of the lemma is a consequence of the product formula in Lemma 4.5.
Observe that the contribution of a q-regular class depends only on the multiplicities and degrees of the irreducible factors of its characteristic polynomial.
Equivariant reduced Euler characteristics of products.
Lemma 4.4. − χ(P 1 * · · · * P t ) = 1≤i≤t − χ(P i ) for finitely many finite posets P 1 , . . . , P t .
Proof. The join P * Q, of the finite posets P and Q, is the poset P Q where all elements of P are < all elements of Q. The n-simplices of the join are n-simplices of P , i simplices of P joined to j-simplices of Q where i + j = n − 1, and n-simplices of Q. Alternatively, when we regard a poset as having a single cell ∅ in degree −1, the n-simplices of the join are all i-simplices of P joined to all j-simplices of Q where i + j = n − 1. In other words c n (P * Q) = i+j=n−1 c i (P )c j (Q), where c n stands for the number of n-simplices. The reduced Euler characteristic of the join is
Proceeding by induction we get the formula for the reduced Euler characteristic of finite joins of finite posets.
For a finite poset P with a least element 0, let P * = P − { 0} be the induced subposet obtained by removing 0 from P . Let G i be finite groups and P i finite G i -posets with least elements indexed by the finite set I. The product poset i∈I P i is a finite i∈I G i -poset with a least element.
Lemma 4.5. The classical and the equivariant Euler characteristics of the i∈I G i -poset i∈I P i * are given by
where r ≥ 1.
Proof. If P 1 and P 2 are finite posets with least elements then Lemma 4.4 implies − χ(( (1) When r = 1, − χ 1 (GL − n (F q )) = δ 1,n is 1 for n = 1 and 0 for all n > 1.
r−1 for all r ≥ 1.
for all r ≥ 1.
The first equivariant reduced Euler characteristic of χ 1 (GL − n (F q )), where n > 1, is the classical Euler characteristic of the orbit space BL 
} is the set of all pairs (λ − , λ + ) of (possibly empty) multisets of integer pairs
− s are odd. The first four M n sets are
Definition 5.7. The T ± -transform of the polynomial sequence a = (a(n)) n≥1 is the polynomial sequence T ± (a) with nth term
The T ± -transform of the power series F (x) = 1+ n≥1 a(n)x n with constant term 1 is the power series
By construction
and it follows that the T ± -transform is multiplicative,
Lemma 5.9.
Proof. By (5.8) the T + -transform of 1 − x is
Cor 3.13
Similarly, the T − -transform of 1 + x is
This finishes the proof of the lemma. 
by Lemma 4.3 and hence FGL
by Lemma 5.9 combined with (1.5). Proceeding by induction, we conclude that
as stated in the theorem. We establish (1.5) inductively as we go along.
, r, n ≥ 1, is divisible by (q + 1) r−1 for even r and by (q + 1) r−1 q n−1 for odd r.
Proof. This follows from (1.5) and [18, Empirical evidence suggests that the quotient of χ r (GL − n (F q )) by (q + 1) r−1 for even r or (q + 1) r−1 q n−1 for odd r is irreducible when n > 2.
Example 5.12 (n = 2). Lemma 4.3 uses M 2 (5.4) to express − χ r+1 (GL − 2 (F q )) as the sum 
of the corresponding 5 terms. As χ 1 (GL Example 5.14. For r = 1, 2, 3, 4 the first polynomials − χ r (GL 
Proof. The number, q n + q n−1 , of q-regular classes of GL 
The second polynomial identity, a restatement of (5.10), relates the equivariant reduced Euler characteristics ± χ r+1 (GL ± (n, F q )) and the arithmetic functions A ± (n)(q) of Definition 3.7.
Corollary 6.3. For every r ≥ 0 and n ≥ 1 we have
where n0+···+nr=m denotes a sum ranging over all the Proof. This is obtained from (5.10) with r replaced by r + 1 by inserting the expressions for ± χ r+1 (GL ± (n, F q )) from (1.4) and [18, Corollary 4.3] .
Example 6.4. We consider Corollary 6.3 with r = 0, 1, 2. r = 1: For any n ≥ 1
(−1)
as the left hand side − χ 2 (GL 
This r = 1 case of Corollary 6.3 is similar to [23, Theorem B] . r = 2: For any n ≥ 1
+ . Taking n = 2, 3, 4 and referring to (5.4)-(5.6) we get Corollary 6.3 gets more complicated with increasing parameters r and n.
I am not aware of any purely combinatorial proofs of Corollaries 6.1 and 6.3.
Primary equivariant reduced Euler characteristics
Let p be a prime and, as in the previous sections, q a prime power. (The prime p may or may not divide the prime power q.) In this section we discuss the p-primary equivariant reduced Euler characteristics of the GL In this definition, where Z p denotes the ring of p-adic integers, the sum ranges over all commuting r-tuples (X 1 , X 2 , . . . , X r ) of elements of GL − n (F q ) such that the elements X 2 , . . . , X r have p-power order. The first pprimary equivariant reduced Euler characteristic is independent of p and agrees with the first equivariant reduced Euler characteristic.
The rth p-primary generating function at q is the integral power series 8. Tables − χ   2 2 (GL − n (F q )) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 q = 3 
